Suppose G is a Gromov hyperbolic group, and ∂ ∞ G is quasisymmetrically homeomorphic to an Ahlfors Q-regular metric 2-sphere Z with Ahlfors regular conformal dimension Q. Then G acts discretely, cocompactly, and isometrically on H 3 .
Introduction
According to a well-known conjecture by Cannon, for every Gromov hyperbolic group G whose boundary at infinity ∂ ∞ G is homeomorphic to the standard 2-sphere S 2 there should exist a discrete, cocompact, and isometric action of G on hyperbolic 3-space H 3 . The purpose of the present paper is to establish Cannon's conjecture under the additional assumption that the Ahlfors regular conformal dimension of ∂ ∞ G is realized. By definition, the Ahlfors regular conformal dimension of a metric space Z is the infimal Hausdorff dimension of Ahlfors regular metric spaces quasisymmetrically homeomorphic to Z. This notion occurs implicitly in a paper by Bourdon and Pajot [4, Section 0.2] and is a variation on Pansu's concept of conformal dimension for metric spaces (the conformal dimension of a metric space Z is the infimal Hausdorff dimension of all metric spaces quasisymmetrically homeomorphic to Z). Theorem 1.1. Let G be a Gromov hyperbolic group with boundary ∂ ∞ G homeomorphic to S 2 . If the Ahlfors regular conformal dimension of ∂ ∞ G is attained, then there exists an action of G on H 3 which is discrete, cocompact and isometric.
Note that the boundary ∂ ∞ G of a Gromov hyperbolic group carries a canonical "conformal gauge" (for this terminology cf. [5, Chapter 15] ) which contains Ahlfors regular metrics. In particular, it is meaningful to speak about quasisymmetric homeomorphisms between ∂ ∞ G and other metric spaces. The assumption on the Ahlfors regular conformal dimension of ∂ ∞ G says more explicitly that there is an Ahlfors Q-regular metric space Z quasisymmetrically homeomorphic to ∂ ∞ G with smallest possible Q among all such Ahlfors regular spaces. We necessarily have Q ≥ 2, since the Hausdorff dimension of a space cannot be smaller than its topological dimension. Logically speaking, Theorem 1.1 reduces Cannon's conjecture to the equivalent conjecture that the hypothesis of the theorem is satisfied for every Gromov hyperbolic group with 2-sphere boundary. In view of this, it seems to be interesting in general to look for classes of spaces for which the Ahlfors regular conformal dimension is attained. On the other hand, by now there are several examples known where the Ahlfors regular conformal dimension is actually not realized.
To our knowledge, the first example of this type is due to Pansu. He pointed out that if one glues together two hyperbolic surfaces N 1 and N 2 isometrically along embedded geodesics γ i ⊂ N i of equal length, then one obtains a 2-complex M with curvature bounded from above by −1 and the boundary at infinity ∂ ∞ M of the universal cover M has Ahlfors regular conformal dimension 1. To see this one pinches the hyperbolic structures along the closed geodesics γ i , and observes that the volume entropy of the resulting universal covers tends to 1 ("branching becomes less and less frequent"). On the other hand, ∂ ∞ M is not quasisymmetrically homeomorphic to a space with finite 1-dimensional Hausdorff measure. Another example is due to Laakso. He has recently shown that the standard Sierpinski gasket has Ahlfors regular conformal dimension 1, but this dimension cannot be realized. There are also translation invariant Ahlfors regular metrics on R 2 for which the 1-parameter group of linear transformations e tA , where
is a family of homotheties. Their Ahlfors regular conformal dimension is 2, but again this dimension cannot be realized. One of the main ingredients that goes into the proof of Theorem 1.1 is a result by Keith and Laakso (which is as yet unpublished). Theorem 1.2 (Keith-Laakso). Let Z be an Ahlfors Q-regular compact metric space, where Q > 1 is the Ahlfors regular conformal dimension of Z. Then there exists a weak tangent W of Z which carries a family of nonconstant paths with positive Q-modulus.
For the definition of weak tangents and related discussion see [1, Section 4] . In our "self-similar" situation we obtain the following corollary which may be of independent interest. Corollary 1.3 (Special case of Keith-Laakso). Let Z be an Ahlfors Q-regular compact metric space, where Q > 1 is the Ahlfors regular conformal dimension of Z. If Z admits a uniformly quasi-Möbius action G Z for which the induced action on the space of triples Tri(Z) is cocompact, then there is a family of nonconstant paths in Z with positive Q-modulus.
We remark that an Ahlfors Q-regular space carrying a family of nontrivial paths with positive Q-modulus has conformal dimension Q, [5, Theorem 15.10] .
The next step in the proof is the the following theorem which constitutes the main content of the present paper. Theorem 1.4. Let Z be an Ahlfors Q-regular metric space, Q > 1. Assume that Z admits a uniformly quasi-Möbius action G Z which is fixed point free and for which the induced action on the space of triples Tri(Z) is cocompact. If there is a family of nonconstant paths in Z with positive Q-modulus, then Z is Q-Loewner (or equivalently, Z satisfies a (1, Q)-Poincaré inequality).
Loewner spaces were introduced by Heinonen and Koskela [6] who showed that the Loewner property of a space is equivalent with a Poincaré inequality. The full strength of the group action G Z is actually not needed in the proof of Theorem 1.4. It is sufficient to have a collection G of uniformly quasi-Möbius homeomorphisms which is large enough to map any triple in Z to a uniformly separated triple, and which does not have a common fixed point. However, the assumption that the action G Z is fixed point free is essential. Starting with the Ahlfors 3-regular metric on R 2 defined by the formula
one can construct an Ahlfors 3-regular metric on S 2 admitting a uniformly quasi-Möbius action which is transitive on the complement of a point, and cocompact on triples. Then S 2 equipped with this metric has a curve family of positive 3-modulus, but is not 3-Loewner. Theorem 1.1 is an easy consequence of Theorem 1.4 and of Theorem 1.2 of [2] which says every Ahlfors Q-regular and Q-Loewner 2-sphere is quasisymmetrically homeomorphic to the standard 2-sphere S 2 ; see Section 5 for the details. In this section we also provide the short proof of Corollary 1.3.
The proof of Theorem 1.4 is more involved and occupies most of this paper. The main idea is to use the group action to map the path family Γ of positive modulus furnished by Corollary 1.3 to all locations and scales. To implement this idea we introduce the notion of a thick path (cf. Definition 2.9). Thick paths correspond to points in the support of modulus considered as an outer measure on the space of (nonconstant) paths. The positive modulus of Γ guarantees the existence of at least one thick path. Using the group action, this leads to a Loewner type conditon for pairs of balls. In section 3 we prove that a metric measure space satisfying such a Loewner condition for pairs of balls is actually Loewner.
Notation and preliminaries
In this section, we will fix notation and review some basic definitions and facts. We will be rather brief, since by now there is a standard reference on these subjects [5] and most of the material has been discussed in greater detail in our previous papers [1, 2] .
Notation. If (Z, d) is a metric space, we denote the open and the closed ball of radius r > 0 centered at a ∈ Z by B Z (a, r) andB Z (a, r), respectively. We will drop the subscript Z if the space Z is understood. If B = B(a, r) is a ball and λ > 0 we let λB := B(a, λr). We use diam(A) for the diameter of a set A ⊂ Z. If z ∈ Z and A, B ⊂ Z, then dist(z, A) and dist(A, B) are the distances of z and A and of A and B, respectively. If A ⊂ Z and r > 0, then we let N r (A) := {z ∈ Z : dist(z, A) < r}. The Hausdorff distance between two sets A, B ⊂ Z is defined by
Cross-ratios and quasi-Möbius maps.
Let η : [0, ∞) → [0, ∞) be a homeomorphism, and let f : X → Y be an injective map between metric spaces (X, d X ) and (Y, d Y ). The map f is an η-quasi-Möbius map if for every four-tuple (x 1 , x 2 , x 3 , x 4 ) of distinct points in X, we have
for every triple (x 1 , x 2 , x 3 ) of distinct points in X. We will make repeated use of the following lemma. We refer to [1, Lemma 5.1] for the proof.
If a group G acts on a compact metric space (Z, d) by homeomorphisms, we write G Z and consider the group elements as self-homeomorphisms of Z. We do not require that the action is effective; so it may well happen that a group element different from the unit element is represented by the identity map. We denote by Tri(Z) the space of distinct triples in Z. An action G Z induces an action G Tri(Z). The action G Tri(Z) is cocompact, if and only if every triple in Tri(Z) can be mapped to a uniformly separated triple by a group element. More precisely, this means that there exists δ > 0 such that for every triple (
is a compact, uniformly perfect metric space, and G Z is a fixed point free uniformly quasi-Möbius action which is cocompact on Tri(Z). Then the action is minimal, i.e., for all z, z ′ ∈ Z and all ǫ > 0, there is a group element g ∈ G such that d(g(z ′ ), z) < ǫ.
Proof. Let z, z ′ ∈ Z and ǫ > 0 be arbitrary. Since Z is uniformly perfect, we can choose distinct points
k , x 2 k ) agree to within a factor independent of k, and lim k→∞ d(z,
Hence for sufficiently large k one of the points
. Modulus in metric measure spaces. Suppose (Z, d, µ) is a metric measure space, i.e., (Z, d) is a metric space and µ a Borel measure on Z. Moreover, we assume that that (Z, d) is locally compact and that µ is locally finite and has dense support.
The space (Z, d, µ) is called (Ahlfors) Q-regular, Q > 0, if the measure µ satisfies
for each open ball B(a, R) of radius 0 < R ≤ diam(Z) and for some constant C ≥ 1 independent of the ball. If the measure is not specified, then it is understood that µ is Q-dimensional Hausdorff measure.
A
Here integration is with respect to arclength on γ. If Q ≥ 1, the Q-modulus of a family Γ of paths in Z is the number
where the infimum is taken over all densities ρ : Z → [0, ∞] that are admissible for Γ. If E and F are subsets of Z with positive diameter, we denote by
the relative distance of E and F , and by Γ(E, F ) the family of paths in Z connecting E and F .
Suppose (Z, d, µ) is a connected metric measure space. Then Z is called a Q-Loewner space, Q ≥ 1, if there exists a positive decreasing function Ψ : (0, ∞) → (0, ∞) such that Mod Q (Γ(E, F )) ≥ Ψ(∆(E, F )) (2.6) whenever E and F are disjoint continua in Z. Note that in [6] it was also required that Z is rectifiably connected. In case that the (locally compact) space (Z, d, µ) is Q-regular and Q > 1, it is unnecessary to make this additional assumption, because property (2.6) alone implies that (Z, d) is even quasiconvex, i.e., for every pair of points there exists a connecting path whose length is comparable to the distance of the points.
We will need the following result due to Tyson.
Theorem 2.7. Let X and Y be Ahlfors Q-regular locally compact metric spaces, Q ≥ 1, and let f : X → Y be an η-quasi-Möbius homeomorphism. Then for every family Γ of paths in X, we have
where f • Γ := {f • γ : γ ∈ Γ} and C is a constant depending only on X, Y and η.
Tyson proved this for quasisymmetric mappings f in [9] and for locally quasisymmetric maps in [ > 1 and (Z, d, µ) is Ahlfors Q-regular. Then there exists a constant C > 0 with the following property. If Γ is a family of paths in Z which start in a ball B ⊂ Z of radius R > 0 and whose lengths are at least LR, where L ≥ 2, then
We omit a detailed proof, since the statement is well-known (cf. Thick paths. We now assume that (Z, d, µ) be a separable locally compact metric measure space, and Q ≥ 1. Let I := [0, 1], and denote by P := C(I, Z) the set of (continuous) paths in Z, metrized by the supremum metric. Then P is a separable complete metric space. Since Q-modulus is monotonic and countably subadditive for path families (cf. [5, p. 51]), we can consider Mod Q as an outer measure on P. In other words, a path γ ∈ P is thick if Mod Q (B(γ, ǫ) \ C) > 0 for all ǫ > 0, where C is the family of constants paths in Z. We have to exclude the constant paths here, because Mod Q (Γ) = ∞ whenever Γ contains a constant path. Constant paths lead to some technicalities later on, which could be avoided if we had defined P as the space of nonconstant paths in Z. This also has disadvantages, since certain completeness and compactness properties of P would be lost with this definition.
We denote by P T the set of thick paths in P. Ignoring constant paths, the thick paths form the support of the outer measure Mod Q . Proof. Property (i) follows immediately from the definitions. Property (iii) is a consequence of Tyson's Theorem 2.7.
To prove property (ii) first note that if γ is any path and α : I → I is an embedding, then the definition of modulus implies that
If γ is a thick path and γ • α is nonconstant, then for sufficiently small ǫ > 0 there will be no constant paths in either B(γ, ǫ) or B(γ • α, ǫ), and (2.11) implies that γ • α is thick. If γ is thick and γ • α is constant, we can assume without loss of generality that Im(α) is not contained in a larger interval on which γ is constant. If Im(α) = I then γ • α is just a reparametrization of a thick path and is therefore thick. Otherwise, we can enlarge Im(α) slightly and approximate γ • α by nonconstant subpaths of γ, which are thick by the first part of the argument. Property (i) now implies that γ • α is also thick.
Lemma 2.12. The family P t of nonconstant paths in P which are not thick has zero Q-modulus. In particular, given any family Γ ⊂ P of nonconstant paths, we have
Proof. For each γ ∈ P t , we can find an open set U γ containing γ which consists of nonconstant paths and has zero Q-modulus. The space P is separable, so we can find a countable subcollection of the sets U γ which covers P t . Countable subadditivity of Q-modulus implies that Mod Q (P t ) = 0.
The second part of the lemma follows from monotonicity and subadditivity of Qmodulus.
The previous lemma implies the existence of nonconstant thick paths whenever Z carries a family of nonconstant paths of positive Q-modulus. Moreover, suppose Γ 0 is a family of paths with Mod Q (Γ 0 ) = 0. Then if γ is thick and ǫ > 0 is arbitrary, we can find a thick path α ∈ B(γ, ǫ) \ Γ 0 . In other words, by a small perturbation of a thick path, we can obtain a thick path avoiding any given family of zero Q-modulus.
The Loewner condition for balls
In this section we prove the following proposition, which asserts that a space which satisfies a Loewner type condition for pairs of balls, satisfies the Loewner condition for all pairs of continua. (Z, d, µ) is Q-Loewner.
Rather than using the hypothesis directly, the proof of the proposition will use the following consequence: if ρ : Z → [0, ∞] is a Borel function and the balls are as in the statement of the proposition, then there is a path σ ∈ Γ(B, B ′ ) whose length is at most LR and whose ρ-length is at most
Here and in the following we call the integral σ ρ ds the ρ-length of a rectifiable path σ.
We point out the following corollary of Proposition 3.1 which is of independent interest. (Γ(B, B ′ ) ) ≥ Ψ (∆(B, B ′ )) whenever B and B ′ are disjoint balls in Z. Then (Z, d, µ) is Q-Loewner.
Proof. This immediately follows from Proposition 3.1, Lemma 2.8 and the subadditivity of modulus (see the end of the proof of Lemma 4.3 for additional details).
Before we start with the proof of Proposition 3.1, we first indicate a lemma whose proof uses a similar construction in a simpler setting. This lemma can be used to give another proof that a Q-regular space satisfying a (1, Q)-Poincare inequality is quasi-convex.
Outline of proof. Suppose x, y ∈ X and let R := d(x, y). By assumption we can find a path σ 1 of length ≤ LR joining B(x, λR) to B(y, λR). Set Σ 0 := {σ 1 }. Then we can find paths σ 2 , σ 3 of length ≤ Lλ 2 R such that σ 2 joins B(x, λ 2 R) to B(σ 1 (0), λ 2 R) and σ 3 joins B(σ 1 (1), λ 2 R) to B(y, λ 2 R). Set Σ 2 := {σ 2 , σ 3 }. Continuing inductively, we can find path collections Σ k for all k ≥ 0. At each step of the induction the "total gap" ∆ k gets multiplied by 2λ < 1, and the total length of the curves generated is ≤ L∆ k . One then concludes that if
thenȲ is a compact connected set containing {x, y}, and has 1-dimensional Hausdorff measure at most LR 1−2λ . Therefore there is an arc of length
The proof of Proposition 3.1 will require two lemmas.
Lemma 3.5. Let X be a metric space, and ν be a finite Borel measure on X. If Y ⊂ X is a nondegenerate continuum, then we can find a point y ∈ Y such that for all r > 0 we have
Proof. We assume that ν(X) > 0, for otherwise the assertion obviously holds.
If the statement were false, then for each y ∈ Y we could find r y > 0 such that ν(B(y, r y )) > Mν(X)r y , where M = 10/ diam(Y ). Then the radii r y , y ∈ Y , are uniformly bounded from above, and so we can find a disjoint subcollection {B i = B(y i , r i )} i∈I of the cover {B(y, r y ) : y ∈ Y } of Y such that the collection {5B i } i∈I is also a cover of Y [5, Theorem 1.2]. Define an equivalence relation on I by declaring that i ∼ i ′ if there are elements i = i 1 , . . . , i k = i ′ such that B i j ∩ B i j+1 = ∅ for 1 ≤ j < k. If I = ⊔ j∈J I j is the decomposition of I into equivalence classes, then the collection {∪ i∈I j 5B i } j∈J is a cover of Y by disjoint open sets; since Y is connected this implies that #J = 1. It follows that
This is a contradiction. ). Then diam(E i ) ≥ r/8 for i = 1, 2, and dist(E 1 , E 2 ) ≥ r/4. Applying Lemma 3.5 with X = B, the measure ν defined by ν(N) := N ρ Q dµ for a Borel set N ⊂ B, and Y = E i for i = 1, 2, we find q i ∈ E i such that Inductively, assume that for j = 0, . . . , k we have a path collection Σ j , a ball collection B j , and a collection of continua Ω j subject to the following conditions:
1. For 0 ≤ j ≤ k, the set Ω j is linearly ordered.
2. For each pair τ 1 < τ 2 of successive elements of Ω j , there is an associated ball
For j ≥ 1, the collections Σ j , B j , and Ω j are obtained from Ω j−1 and B j−1 using the following procedure. For each pair of successive elements τ 1 , τ 2 ∈ Ω j−1 with associated ball B τ 1 ,τ 2 ∈ B j−1 , one applies Lemma 3.7 with B = B τ 1 ,τ 2 and {F 1 , F 2 } = {τ 1 , τ 2 }, to obtain a path σ = σ(τ 1 , τ 2 ) and a pair of disjoint balls B τ 1 ,σ , B σ,τ 2 . Here B τ 1 ,σ is centered at a point in τ 1 , and B σ,τ 2 is centered at a point in τ 2 . Then Σ j is the collection of paths σ and B j is the collection of balls B τ 1 ,σ , B σ,τ 2 where τ 1 < τ 2 ranges over all successive pairs in B j−1 . The continuum collection Ω j is the disjoint union Ω j−1 ⊔ {Im(σ) : σ ∈ Σ j }. One linearly orders Ω j by extending the order on Ω j−1 subject to τ 1 < Im(σ) < τ 2 ; moreover, one associates the ball B τ 1 ,σ with the pair τ 1 < Im(σ), and the ball B τ 2 ,σ with the pair Im(σ) < τ 2 .
By our second induction assumption, the hypotheses of Lemma 3.7 hold for each successive pair τ 1 , τ 2 ∈ Ω k and associated ball B τ 1 ,τ 2 ∈ B k . Hence we may use the procedure in the third induction assumption (with j replaced by k + 1) to generate Σ k+1 , B k+1 , Ω k+1 , the linear order on Ω k+1 , and an association of balls in B k+1 with successive pairs in Ω k+1 . The conditions in Lemma 3.7 guarantee that the induction hypotheses are fulfilled. Therefore by induction there are collections Σ k , B k , and Ω k for all k ≥ 0 which satisfy the conditions 1-3 for all k ≥ 0.
By induction, one proves the following: (a) For each k ≥ 0, we have #B k = 2 k+1 , and each ball in B k has radius λ k+1 r 0 (see Lemma 3.7).
( Lemma 3.7 , condition (ii)).
(d) For each k > 0, we have #Σ k = 2 k . Each σ ∈ Σ k has length at most Λλ k r 0 , for a suitable ball B ∈ B k−1 we have Im(σ) ⊂ ΛB, and the ρ-length of σ is at most
Then dist(Y k , E 1 ), dist(Y k , E 2 ) ≤ λ k r 0 /4, and Y k is (λ k r 0 /4)-connected: given y, y ′ ∈ Y k there are points y = y 1 , . . . , y l = y ′ such that d(y j , y j+1 ) ≤ λ k r 0 /4 for 1 ≤ j ≤ l.
(f) For k > 0, the union 
Hence there is a rectifiable path γ :
Moreover, we may assume that Im(γ) is an arc and γ is an injective map.
Pick an integer s such that ( 8 7 ) s−1 > Λ. Then by (d), (b) and (c), for every k ≥ s and σ ∈ Σ k there is a ball B ′ ∈ B k−s such that the ρ-length of σ is at most
Using these bounds for ρ-length and the fact that γ parametrizes an arc, we get
Note that M is finite since 2 · (80λ) 1/Q < 1 by our initial choice of λ. Moreover, M depends only on ∆(E 1 , E 2 ). This shows that the path γ has the desired properties.
Rescaling and abundance of thick paths
We now let (Z, d, µ) be a Ahlfors Q-regular compact metric space, Q > 1, which carries a family of nonconstant paths with positive Q-modulus, and we let G Z be a uniformly quasi-Möbius action which is fixed point free, and acts cocompactly on triples in Z. As we have seen, Lemma 2.12 implies that there exist nonconstant thick paths in Z. Note that this implies in particular that Z is connected.
Proof. By Lemma 4.1, we can find a pair of disjoint open balls B and B ′ so that there exists a density point x ∈ B of the set of initial points of the family Γ of thick paths starting in B and ending in B ′ . For k ∈ N pick R k > 0 with lim k→∞ R k = 0, and let D k be the set of initial points of paths in Γ which start in B k := B(x, R k ). Then
We let δ k := √ ǫ k and λ k := 2 √ ǫ k . Set x 1 k := x. Since Z is connected, for large k we can choose points x 2 k ∈ ∂B(x, δ k R k ) and x 3 k ∈ ∂B(x, 2δ k R k ). Using the cocompactness of the action G Tri(Z), we can find g k ∈ G such that the image of the triple (x 1 k , x 2 k , x 3 k ) under g k is δ ′ -separated where δ ′ > 0 is independent of k. Applying Lemma 2.1, we conclude that dist H (g k (D k ), Z) → 0 and diam(Z \ g k (B k )) → 0 as
